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1 Introduction

Dilution refrigerators are fantastic machines: starting from 4.2 K they provide continuous cooling
to temperatures as low as 2 mK without moving parts in the low-temperature region. Also from
the thermodynamic and hydrodynamic point of view they are interesting machines since they
are based a unique combination of a Fermi liquid and a superfluid in the ultralow temperature

region.

2 Schematic diagrams
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Figure 1: Schematic diagram of a dilution refrigerator. The components are described in the

text.

Figs.1 and 2 are schematic diagrams of dilution refrigerators. Fig.1 represents the complete
system while Fig.2 represents only the low-temperature part. The working fluid is *He which is
circulated by pumps at room temperature. In this Section we will only mention the components.
The how and why will be discussed in later Sections.

1. The pumps at room temperature bring the pressure of the 3He to a value p. which usually
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Figure 2: Schematic diagram of the low-temperature part of a dilution refrigerator. The compo-
nents are described in the text.

is a few hundred millibar. It enters the cryostat and is precooled by the *He bath to 4.2
K.

2. The ®He enters the vacuum chamber. There it is further cooled to the temperature Tix
of the 1K bath, which is around 1.2-1.5 K. As p. is larger than the 3He vapor pressure
pv (Thk) at Tik the 3He condenses in the heat exchanger with the 1K bath. The heat of
condensation is removed by the 1 K bath.

3. Next the >He enters the main impedance. The value of the flow resistance is chosen in
such a way that p. > py (T1k) for the design flow rate of the machine.

4. Next the He exchanges heat with the still at a temperature Tg which is around 0.5 to 0.7
K.

5. Next the 3He enters the secondary impedance. The value of the flow resistance is chosen
in such a way that the pressure of the 3He in the heat exchanger to the still is larger than
the local vapor pressure p, (Ts). This prevents that the >He, which was liquefied in the 1 K



bath, evaporates again in the still heat exchanger. With Ty = 700 mK the vapor pressure
Py is about 100 Pa.

6. Next the 3He enters a set of counterflow heat exchangers where it is cooled by the 3He in
the dilute phase which flows upward in the other side of the heat exchangers. Usually the
heat exchangers in the high-temperature region are of the tube-in-tube type. In the colder
regions they are more complicated.

7. After leaving the coldest heat exchanger the 3He enters the mixing chamber. In the
mixing chamber the 3He passes the phase boundary (is diluted) between the concentrated
phase and the dilute phase. The heat needed for the dilution is the cooling power of the
refrigerator. The ®He leaves the mixing chamber in the dilute phase.

8. On its way up the cold 3He in the dilute phase cools the warm flow of 3He in the concen-
trated phase flowing down.

9. The 3He enters the still. The liquid in the still contains only 0.7% 3He; the rest is 4He.
Yet the vapor in the still is practically (96%) pure 3He. A heating power Qg is supplied
to the still to maintain a steady flow of *He through the system.

The condensation of He takes place at a point where the incoming flow is in thermal contact
with the 1 K bath. This is a fairly well-defined point in the system. Knowing the volumes at
the concentrated side, including the volume of half the mixing chamber, one knows exactly how
much 2He is needed to force the phase boundary in the mixing chamber. Given the position of
the phase boundary one can also calculate the quantity of *He to guarantee that there is a liquid
surface in the still. There is some He in the dilute side. This has to be added to the quantity
of 3He already calculated in the concentrated side and the quantity in the room-temperature
part of the machine. Now that we know the quantities of >He and *He we can determine the
composition of the gas mixture needed for the dilution fridge.

Nowadays so-called dry dilution refrigerators are available in which the liquid nitrogen and
helium baths are replaced by a pulse-tube cooler. A schematic is given in Fig.3. An added
advantage is that the 1K bath with its pumping system is no longer needed.
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Figure 3: Schematic drawing of a dry dilution refrigerator.

3 Thermodynamics

3.1 1K bath and still
3.1.1 Thermal properties of pure *He

The cooling in the mixing chamber is due to the dilution of 3He from the concentrated phase to
the dilute phase. In order to understand this cooling process we need to know the thermody-
namics of *He-*He mixtures. However, we can understand the function of the 1K bath and the
still surprisingly well from the thermodynamic properties of pure *He. Therefore we give here
the Hy, — T diagram of 3He (Fig.4).

3.1.2 The 1K bath

In this section we will first show why a precooling stage, such as the 1K bath is necessary. In
order to do this we assume that it would not be there. Consider the system inside the dotted
contour of Fig.2. The first law in this case reads

0=0 + ng (Hm1 — Hua) (1)
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Figure 4: Hy, — T diagram of 3He. Lines of constant pressure are given together with the phase
diagram.

where the index 1 (2) applies to the entrance (exit) of the 3He flow at a molar rate of n3 and Q
is heating power supplied somewhere to the system. If there is no 1 K bath the temperature of
the incoming *He is 4.2 K. With the pressure of 0.5 bar the corresponding molar enthalpy can
be obtained from Fig.4 to be Hy,1(0.5 bar, 4.2 K)= 99 J/mol. Now suppose that the dilution
refrigerator works properly and that the temperature of the pumped vapor leaves our system at
a temperature of 0.7 K. In that case Hpy2(0 bar, 0.7 K)= 35 J/mol. With these numbers Eq.(1)
gives

s 2)

Q =n3(35—99) = —64—n,
mo

Eq.(2) shows that a positive flow is only possible if the applied heat is negative, so if there is

additional cooling. This additional cooling is provided by the 1K bath. The cooling power from

the 1K bath should be at least the value given by Eq.(2).

3.1.3 Still

Perhaps it is a bit surprising that a cooling machine like a dilution refrigerator needs heating at
some point (in this case the still) to operate properly. The reason for this strange requirement
will be explained in this Section.

Due to the presence of the 1 K bath liquid at a temperature of 1.2 K enters the dotted
contour in Fig.2 instead of gas at 4.2 K. Fig.4 tells us that Hy; = 6 J/mol. Substituting this
value in Eq.(1) gives the value for the heating power

Qs =73 (35— 6) = 20—, 3)
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This heat usually is supplied at the still, hence the label S. Note that the heating power at the
still is calculated without using the mixture properties! The reason is that only pure >He is
passing the boundaries of our system. The cooling power, that has to be provided by the 1 K
bath to change the 3He from gas at 0.5 bar and 4.2 K to liquid at 0.5 bar and 1.2 K, is

Qixk =n3(99 —6) = 93@713. (4)
In Eq.(2) we saw that 66 J/mol would have been sufficient. This explains why heating power
to the still is needed to keep the circulation going. The 1 K bath has too much cooling power.
On the other hand the heating power to the still is a very convenient way to set the circulation

rate to the desired value.

3.2 3*He-*He mixtures

The phase diagram of 3He-*He, depicted in Fig.5, gives some important properties as functions
of the 2He concentration . The region between the lines with label 24 and z. is the region
of coexisting phases. The lambda line gives the superfluid transition temperature of the *He
component. Also the Fermi temperature of the 3He component is given. Fig.6 shows what
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Figure 5: Phase diagram of 3He-*He miztures. In this figure is given the region of coexisting
phases, the lambda line giving the superfluid transition temperature, and the Fermi temperature
of the 3He component as functions of the ®He concentration x.

happens if a mixture with £=40% is cooled from 2 K to some very low temperature.

1. At the starting point the mixture is homogeneous and both components behave as normal
fluids.



2. At about 1.5 K the *He component becomes superfluid.

3. At 1.2 K the temperature is equal to the Fermi temperature of the mixture. Apart from
this nothing special happens at this temperature.

4. At about 750 mK the mixture starts to decompose. At the top of the container a small
layer of liquid shows up which has a high helium ®He concentration of 80%.

5. If the temperature is lowered further the volume of the upper phase, the concentrated
phase, increases and the *He concentration increases as well. The volume and 3He con-
centration of the lower phase, the dilute phase, both decrease. E.g. at 500 mK z4 = 22%
and z. = 90%.

6. At 0 K 24 = 6.6% and z. = 100%.
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Figure 6: Sequence of events if a mizture of 40% is cooled from 2 K to very low temperatures.

In the dilute channel of the dilution refrigerator vs = 0 in good approximation. In that case
the superfluid hydrodynamics results in the well-known relation

p + ppgz — Il — pr = constant. (5)
Eq.(5), applied to the dilute channel between the mixing chamber and the still, results in
pm + pogam — IIm — pav = ps + pogzs — s — prs (6)

where the index M applies to the mixing chamber and the index S to the still. Usually the
pressure variations can be neglected. This means that, in a well-designed machine, the flow



resistance of the dilute channel is small. The gravitation and fountain pressure at these low
temperatures can neglected as well. In that case relation (6) simplifies to

II (T, o) = 11 (T5, xg) - (7)

In other words: in the dilute channel the osmotic pressure is constant. At low temperatures
the osmotic pressure in the mixing chamber is fairy temperature independent and fixed to a
value close to 2200 Pa (see Fig.7). In that case Eq.(7) is a relation of the temperature and
concentration in the still. The temperature and concentration dependence in the dilute channel
can be obtained from the isotones in Fig.7. Typically Tg = 700 mK. As a result of Eq.(7) the
3He concentration in the still zg is about 0.7%.

3.3 The mixing chamber

The cooling power Qw of the mixing chamber, at a mixing chamber temperature Ty, can be
understood on the basis of the second law of thermodynamics. If the mixing is reversible we
have in the steady state
_Qu  x

0=-—+ng [Sg (TM, .%'C) — S5 (TM, .’L‘s)] . (8)
We must require that the mixing is isothermal since otherwise the mixing is irreversible and an
entropy production term would have to be included in the second law. In Eq.(8) ;:Lg is the 3He
circulation rate, S3 (T, zc) is the molar entropy of the 3He entering the mixing chamber; S3
is the entropy of one mol *He in the dilute phase, and zg is the saturated He concentration

of the dilute phase, which is also a function of T. At low enough temperatures z. = 1 and
S3 (T, zc) = Se (Tm), the molar entropy of pure 3He. From Eq.(8) the cooling power is

Qum = 13T [S3 (Tar, ) — Se (Tw)] - (9)

The ®He in the concentrated phase and in the dilute phase behave as ideal Fermi gases with
the molar heat capacity at constant volume given by
72 T

Cv = ERTF @) (10)

with R the molar ideal gas constant and T¥ the Fermi temperature. Based on Eq.(10) the molar
entropy is also given by

2 T
Sp= —R——. 11
R (11)
For the concentrated phase
STy =" (12)
T 27 TR (1)

where TF (1) is the Fermi temperature of pure 3He. For the entropy of the dilute phase we can

write
S3 (Tm, xs) = Sk (T, xs) = —2 R—— (13)
e e 2 Ty (zs)



where Ty (z5) is the Fermi temperature of the dilute phase. So Eq.(9) can be written as

: . w2 1 1
=iy 8 (7~ 7o) -

Eq.(14) clearly shows that the cooling power of the mixing chamber is due to the difference in
Fermi temperature between the dilute and the concentrated phase. The Fermi temperature is

given by
1 m2 [ Ny 17
Ty = 15

" 825 mik [Vm(m)] (15)

with k& Boltzmanns constant, Vi, the volume of the mixture containing one mol of He. In this
expression m} is the effective mass of the 3He. In the dilute phase msq = 2.46m3 and in the
concentrated phase m3. = 2.8mg3, with m3 the mass of the bare 3He atom. The main difference
between Tg (z5) and T (1) is due to the difference in the molar volumes. At low temperatures
Tr (z5) = 393 mK, Tf (1) = 1.8 K, V3 (z5) = 426 cm?® and V3 (1) = 37 cm®. So the cooling power
of a dilution refrigerator is really based on the increase of molar volume (dilution) of the 3He!

3.4 The osmotic enthalpy

In equilibrium the chemical potential of 2He and “He in the two phases must be the same. So

pg (T, ws) = pe (T) - (16)
Using this relation Eq.(9) can also be written as
%M = [z (T, ) + TanS3 (Ta, )] — [1e (Tw) + TaaSe (Twn)] - (17)
n3

The concentrated phase is pure 3He so the chemical potential is equivalent to the Gibbs free
energy per mole

e =Ge=H, —TS.. (18)

So we can write Eq.(17) as

%M = [pg (T, zs) + TmSw (T, zs)] — He. (19)
n3

Now we would like to write the cooling power in the general form of the first law of thermody-
namics using enthalpies

Qum = n3 (Hs — He). (20)
This can be done if we introduce

Hs(T,z) = ps (T,x) +TSp (T, x). (21)

This important quantity is called the osmotic enthalpy. In 3He-*He mixtures it plays the same
role as the enthalpy in pure fluids.
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Fig.7 gives important properties of mixtures at low >He concentrations and temperatures
below about 150 mK. The solid lines, labeled isotone, are lines of constant osmotic pressure
II; the dotted lines, labeled isenthalp, are lines of constant osmotic enthalpy Hs, and the line,
labeled xg, gives the saturation concentration of the dilute phase xs. Note that the vertical axes
in Fig.7 is T? as these quantities tend to vary with T2.

0.025

T2 [K?]

0.020
\|

0.015

T [K]

0.150
. isotone

—isenthalp

-{0.125

0.010

0.075
0.005

0.050

0.025

Figure 7: T? — x diagram giving the lines of constant osmotic pressure 11 (solid lines, values in
Pa); lines of constant osmotic enthalpy Hs (dotted lines values in J/mol); and the saturation
concentration of the dilute phase xs. The scale on the right gives the temperature in K.

We distinguish four important special cases:

1. The concentration is constant and equal to the saturated concentration at absolute zero
(vertical line in Fig.7)
o = 0.066. (22)

In that case the osmotic enthalpy can be approximated by the relation
Hs, (T, o) = 8417, (23)

In this relation, and in some of the following relations, the enthalpy is expressed in J/mol
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and the temperature in kelvin.!

2. The concentration is equal to the saturated concentration (follow line zs in Fig.7). If T
increases x increases as well. In that case

Hs, (T, x4 (T)) = 9672 (24)

3. The concentration x follows a line of constant osmotic pressure (follow isotone of about
2200 Pa in Fig.7). If T increases = decreases so that the the osmotic pressure remains
constant. In that case

H3os (T, 2o (T)) = 54T2. (25)

4. If (locally) the critical velocity is exceeded, mutual friction sets in and Hj is constant.

The relation for the molar enthalpy of pure 3He as a function of temperature is
H, = 1212 (26)

It should be noted that the numbers in the expressions (23)-(26) are only approximate.
In terms of the osmotic enthalpy Eq.(20) can be written as

Qu = n3 [H3 (Tw, @) — He (T3)] (27)

Now it is no longer necessary to limit the expression to reversible mixing. The temperature 7;
is the temperature of the *He, entering the mixing chamber in the concentrated phase. With
Eqgs.(24) and (26) Eq.(27) gives

Qu = 13 (96T — 12T72) . (28)

If Qm = 0. Using Eqs.(28) gives the famous relation

1 T;
Tvi=—T~_— 29
M V8T 28 (29)
which states that there is a fixed ratio between the mixing chamber temperature and the tem-
perature of the incoming 3He. This property shows the importance of the precooling of the
incoming 3He.

4 Limiting temperature of dilution refrigerators

Consider the exit tube of the mixing chamber. We assume that this is a cylindrical tube with
diameter D and that the flow is laminar. The energy conservation relation for this tube is

sCans = ~ e pa s T Py =0 (30)

1 *LT2 ng 128 5 x2 7w od (kqdT
T dl

!The numerical values given here are approximate. If higher accuracy is needed exact numbers should be
derived from thermodynamic tables.
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The first term represents the enthalpy flow with the parameter Cq derived from the osmotic
enthalpy (Eq.(25), Cq = 2 x 54). The second term gives the so-called viscous heating with the

viscosity given by
_ Na (31)
77 - T2 .
The third term is the heat conduction with the thermal conductivity given by

Kd
K= —. 32
T (32)
Eq.(30) is a quite complicated differential relation which can only be solved numerically.
However, there are some important tricks that can be used to derive essential elements of the

relation without having to solve the relation numerically. These "tricks"are:

4.1 Trick 1

Introduce a dimensionless length A as follows
IR (33)

and temperature 7

T = T[)T. (34)

For the time being [y and Ty have no meaning other than that we know that they have the
dimension of length and temperature respectively. Substitution of (33) and (34) in Eq.(30) gives

Byt gt d (140)
!

_ M 12852 KaT —0. 35
2l VAN T TRe2aDd BT 24T dx (35)

We clean up this expression a little bit by dividing it by the prefactor of the first term so that
we get,

2 2

X CanDV *TE72 " i 4 Tglpd \ 7 dA

4.2 Trick 2

Chose lgp and Ty in such a way that the prefactors of the two other terms become equal to one.
So put

2
2562{1175?3%17’%3% =1 (37)
and 20g ™5 1
D = 1. (38)
Cans 4 Tyl
This leaves a differential equation
dr? 1 d /1dr
d)\_7'2_c1>\<7'd)\>:0 (39)
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4.3 Results

Eliminating lp from Eqgs.(37) and (38) gives a relation for the characteristic temperature

12 Vaa]? 1

TO = (1287’]d/§d) Cd m

(40)

Note that the characteristic temperature is independent of the flow rate. For a certain temper-
ature we can determine the characteristic diameter

Vaq 1
Do = (128nk4)/% 224 —_ 41
o = (128ngka) Ca T8 (41)

Substitution of Eq.(40) in (37) gives a relation for the characteristic length

Ud”ﬁv??d 1

lo =64 — (42)
Cg nng
With the numerical values J
Cq =108 — 43
d mol K2 (43)
and 5
Vaa = 426 x 1076 21 (44)
mol
and
ng =5 x 1078 PasK? (45)
and W
ka=3x107% — (46)
m
in Eq.(40) we get in engineering terms
To mm\ 1/3
=0 557 (—) 47
mK D (47)
and with Eqgs.(41) and (42)
Dy mK 3
— = | 5.57T— 48
mm < To > (48)
and g
l 1 K
lo _ ygqmmol/s (m> . (49)
m n3 To

It can be shown that the lowest temperature that can be reached with dilution refrigerators is
Tiim = 0.7Tp. (50)

Combining Eqgs.(50) and (47) it becomes clear that lower temperatures can be reached with
wider tubes. However, this is only true if the length of the tube is also longer than lg. For
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D =1 mm the characteristic temperature is 5.57 mK. For Ty = 2 mK we get Dy = 21 mm and
with ;Lg = 1 mmol/s lp = 507 mm. This tube (approximately 2 cm diameter and half a meter
long) is quite big but manageable. If we lower the temperature with a factor 2 the characteristic
diameter increases with a factor 23=8, and the length with 28=256, and the volume with a factor
16,384. There is no fundamental limit for the lowest temperature of dilution refrigerators: the
bigger the machine the lower the temperature will be. However, below about 2 mK, there is the
alternative of nuclear refrigeration, which turns out to be a more practical solution than just
making huge dilution refrigerators.
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